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1. Editorial

Sorry guys, I did it again. A new editorial. The first time is chance, the second is coincidence, the third is premeditation (Ian Fleming, “Goldfinger”. Wait for the next number to give a sentence.

This time, as the first time, I’ll give you some problems: but as I don’t want you to become “problem solving” machines (and in that case what would I play for? “Problem maker” sounds definitely bad, even if , as Murphy said, any solutions brings to a new problem) the beer problem is open to be expanded (not necessarily with alcohol). For next numbers I decided to be more “monographic”, giving problems on a particular subject or linked one to the other. This means also that if you don’t like the subject you can throw away the all number.

The problems seemed to have a good diffusion, which can’t be said of solutions. I must confess that the dog problem was nice, but you could have tried the other, also…

The big news is I’m not alone anymore in the Universe! There’s mathematical life outside! Starting (hopefully) from the next number we’ll have an extern contributor, that will also help to distribute our leaflet in other Galaxies; therefore I can’t guarantee I’ll keep the same name.

Don’t enjoy too much.

Rudy D'Alembert
2. Happy Birthday!

One idea for a game to play with friends (quite stupid to be honest, but the problem looks better).

Imagine you can have a certain number “n” of people (you have just to know that you can trust their words); bet with them that at least two of them were born the same day.

How many people should you find to make the winning probability reasonable (let’s say 50%)?

Before you start to play with leap year and not uniform distribution of birth dates, please try to solve the easiest case; for philosophy there’s always time, for example while you’re making “field trials” for next problem.

3. Who’s paying for the beer?

Aldo, Bruno and Carlo (yes, usual A, B and C…) are three friends who like solving mathematical games and would like to find a new way to decide who is going to pay for the beer. So they had the following idea:

1. Aldo draws three vertical lines and labels them "A", "B", "C" (with a random order) and then folds the paper in a way that the labels are not visible anymore:




2. Bruno takes the paper and draws some horizontal segments between two vertical lines




3. Carlo draws some more segment and labels with a “X” one of the vertival lines.




4. ...Now the paper is unfolded and everybody follows his line, using horizontal lines as bridges (it’s impossible to take a bridge from the middle of it!)




HEY! Aldo! He’ll pay for the first beer!

...If you try to follow the other lines, you’ll see that neither Carlo, nor Bruno will get to the “X” sign; moreover it works also if you add a “Y” (for the second beer) and a “Z” (for chips) on the other two exits of the system.

Why? What is it? Does it look like something else?

4. Find the problem...

...when the solution is given.

A Buddhist monk (no, this is not fundamental…) goes on the mountain for meditation, starting at sunrise from the monastery. During the way up he sometimes stops to eat something; late in the afternoon he arrives on the top of the mountain and starts his meditation period.

After some days, he leaves the place on sunrise going back to the monastery, where he arrives in the afternoon.

Then he realizes that there is a point on his path, up and back, he crossed at the same time of the day.

How can it happen? 

5. Solutions & notes on [001]

Beh, guys, you could have done better… Everyone focused on dogs, with few exceptions. I hope you’ll not expecting from me problems like that anytime, as I don’t think I can find a good one every month.

5.1 The birthday square

...Let’s add something (not much, just one row and a column):
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It’s easy (“yeea?”) to notice that each cell is the sum of the first numbers in its row and column. Thus, when you select “20” and delete all the rest of the line, you actually take the only one number composed by “3” and “17”, deleting all the other that contain only one of the two.

At the end of the game you have five numbers, each of them being the sum of a different couple: when you sum them you’re doing nothing but summing the original ten numbers. If you do it in the reverse order (first you write down ten numbers, then you build the square) you can almost have any number as a result.

The trick works also with other operators, only it has to be always the same. If it’s not that clear, try to use prime numbers as generators for the first line and column, build up the square, play and multiply the results: now it should be clean. Prime numbers are needed only to make more evident the result, actually you can have a solution with any number. By the way, if the result has to be the year of your birth, working it out from prime numbers can be relly hard (disappointment! My birth date “looked prime” but it came up to have 19 and 103 as divisors, at least I can say they’re not really “easy to handle” factors; is there anyone born in 1973, 1979, 1987, 1993, 1997, 1999?)

Mixing up a simple adding table makes the game complex enough, especially if we choose random numbers, different one from the other and not consecutive, as generators. On the other hand, if we make the square as easy as possible (first row 12345, “ad hoc” column to make life easy), the resulting new version is something really easy to understand: the famous version “aahh, it’s idiot!”:
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Useful if you were born in ‘65...

Fran and Piero found a way to build it that is as funny as complex (it’s really funny…) and explained me the way. It’s based on the fact that one of the possible choices is to put coins on the diagonal, which then has to have as a sum the “mythic” constant; moreover it is possible to develop inductively from little squares, any of which has its own constant.

To start let’s choose two numbers “small enough”, and let’s put them in positions A1 and B2 (refer to next picture for coordinates). This is the diagonal of our starting square, a simple 2x2; obviously valid combinations are both A1+B2 (A1 means deleting A2 and B1, B2 has nothing more to delete) and A2+B1 (A2 means deleting A1 and B2, B1 has nothing more to delete). It has to be fixed only that A1+B2=B1+A2; you can choose whatever numbers you like most, just compliant to this statement.

Now that we build the 2x2 sqare we can put a new number in C3 (still a small one). The new constant for the 3x3 square is A1+B2+C3, and we have to find out the values for C1, C2, A3, and B3. One possible combination is C1+B2+A3, which has to equal A1+B2+C3, where C1 and A3 are not known. You just need to invent two numbers that give the right sum. Now it’s really easy to go on finding C2 and B3: you just need to imagine a possible combination with the coin on only one of the unknown numbers. For example for C2, C2+B1+A3 have to sum up to the new constant. 

…And goes on like this; there are people who prefer sixth higher degree passing on crocodiles to a scenic route with maximum 5% slope gradient. Complex, but funny… 
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From a previous solution attempt by Fran an interesting consideration was raised: I must admit that the repetition of “5” in the original square is “annoying”; isn’t it possible to have a square without repetitions? The square with minimum constant with dimension 5 is, obviously, the idiot square with 65 as constant; that means for my year no way…

Expansion: What about finding the prove that the idiot square constant it’s  

, where “n” is the dimension? Come on, it’s easy…

5.2 Two problems on ellipses

I’m not glad to say that you didn’t commit that much on these problems… The most interesting contribute is coming from outside.

5.2.1 Sphere shadow

Sorry, I have to draw a picture… my terrible skill in this subject is world known.




1. The statement that the shadow is an ellipse is easily proved: the light (plus the shadow under the sphere) are shaped as a cone, cut by the plane where the shadow lies; as it is a cone cut by a plane, the shape on the plane is an ellipse.

2. ...But then what is the meaning of the second sphere under the plane? It’s only to make a single drawing: now we can use it.

We should prove that the first sphere lies on one of the focuses of the ellipse: then we can draw the second  dashed sphere that is tangential to the cone and the projecting plane (don’t tell anybody, but that is tangential in the other focus…). Let’s now consider AB and BD segments (the first on cone side surface, the second from surface to tangential point to real sphere); being two tangential segments to the same sphere originated from the same point, they have the same length. Changing point B position on the ellipse the lengths will change, but they will stay the same. The same can be deduced for BE and BC segments on the imaginary sphere.

WAIT! AB+BC is constant, being the generator segment for the cone section which has as basis on maximum circles of the real and the imaginary sphere! Then DB+BE is constant, B defines the point locus with a constant sum of distances from two given points (the sphere tangential points to the plane). This is the ellipse definition. Q.E.D.
Did you like it? When I said it was hard I meant the drawing was difficult....

If you want to prove the fact that two tangential segments to a sphere from the same point have the same length, if you don’t trust me, you’d better do it in two dimensions. This is always possible as two segments with a common point (B) fix a plane n the space.

5.2.2 Impossible inscriptions

This was easy:

A regular n-agon can always be inscripted in a circle, then all its vertexes are on a circle. A circle and an ellipse can have maximum 4 points in common, so if n is greater than 4 inscription in an ellipse is not possible.

5.3 Dog problem...

You were working hard on this, very well guys…

The formally most corrected (even if quite boring, she had to make it sharp) version comes from Fran. You have it here:

Let’s state that these four dogs, against their tendency to run after their own tail, decide to run one after the other. The problem can be generalized to any number of dogs, so let’s exaggerate and have a number ”N” of mad dogs. 

At the beginning they are all on a circle, each of them at the same distance, which in complex math words is each of them stands on a regular N-agon vertex.

I draw a couple of them: A and B, placed on a r-ray circle, the angle width for the central angle is obviously: 






The A dog (it would be better to have “Toby”, like all normal dogs, but math language likes to make it less personal… as cold as possible) will start in dog B direction, following AB direction, and the same behaviour will be followed by the other dogs. You can easily believe, even if you are not a careful observer, the dogs will run on the same kind of trajectory, because the problem has a central symmetry: in each instant the dogs will be on a circle, always with the same angular distance one from the other.  

Let’s set the A dog position with polar coordinates, at the starting instant it will stand in:




which means that this is the situation at t=0 time (starting time), and let’s define an angular speed , i.e. 




,

At t=1 the situation will be the one described in the picture below: 



The new value for   is the increment k: 




The new A dog  position is A’, that can be better defined using sine theorem:




And remembering some triangles rules, it is possible to find the following statements:



 
(as said at the beginning)






(as ABO is isosceles)





A’O is the value for  at t=1 time:





The same argument can be generalized:




Where M is a constant not depending on the instant time t in which r is calculated for. Finally, following induction:




That means that the curve the dogs are running on has the following equation:




a spiral. 

The poor dogs’ destiny is to meet at the center of the circle, but if the starting ray is big enough they’ll enjoy some tours around before happily biting each other’s tail. 

Well, it is not that simple, but it is correct… For the ones who think this solution is too arid, there is a Luca porposal, which in my opinion deserve a better development; here you have it:

For the dog’s one I have the formal solution in my mind for a dogs number starting from 0 (the easiest one) to 2 (it is already difficult but it is not). The real problem is for a single dog, what can the poor one do? Does it have to stand still or to turn on itself? We should try with a real dog, but can you go and teach it what to do?!?
5.3.1 Fe, fi fo, fum, I smell the blood of an englishman!

Luca proposal made me think about something. After a complete evening on my meditation armchair, with half a tobacco box and a sulky face, I had it. Let’s assume that the n=4 dogs are on the vertex of a square of dimension a: can you prove without calculating how much each dog will walk before meeting the others?  In Fran sentence (even if she doesn’t tell) seems to be a lot, but it isn’t true….

...Alla prossima!

Rudy D'Alembert
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